INTRODUCTION
The purpose of this paper is to construct global strong solutions with small initial data of the Navier-Stokes equations in 4 and 5 dimensional unbounded domains. We are mainly interested in unbounded domains with non-compact boundaries. Let where u = u(x, t) _ (ul (x, t), ~ ~ ~ , un (x, t) ) and p = p(x, t) denote the unknown velocity vector and the pressure of the fluid at point (x, t) ~ 03A9 x (0, oo), while a = a(x) = (a1(x),...,an(x)) is a given initial velocity vector field. For simplicity, we assume that the external force is equal to zero.
Since the pioneer work of Leray [20] , energy decay of weak solutions to (N-S) in unbounded domains has been discussed by many authors and it is now clarified that the asymptotic behavior of strong solutions u(t) as t -~ oo plays an important role in such a decay problem. On account of lack compactness, the problem of existence of global strong solutions in unbounded domains seems to be more difficult than that in bounded domains; we need to pay a more exquisite attention to the analysis near A = 0 of the resolvent (A-+-À) -1 for the Stokes operator A. In recent years, a number of skillful technique such as method of compact perturbation from the whole space Rn were developed and applied to the exterior problem. LP -Lq estimates for the Stokes semigroup in exterior domains are established by Giga-Sohr [ 11 ] , Iwashita [14] and Borchers-Miyakawa [2] and the decay properties of weak and strong solutions are investigated to a considerable extent ([3] , [17] ). In unbounded domains with non-compact boundaries, however, there is no LP-theory for the Stokes operator and the only L2-theory is available. Based on the linear analysis of the Stokes operator, Kato [16] and Giga-Miyakawa [10] obtained a priori LP-bounds for p > n of solutions to (N-S), which yields global existence of strong solutions. On the other hand, L2-method enables us only to get the energy inequality which bounds for all t > 0(see (E.I.) below). By the Sobolev embedding c L2n/(n-2) (~)~ we can dominate the LP-norm for p > n of solutions if the spatial dimension n 3. Galdi-Maremonti [8] first established apriori and decay estimates in Ifl in case n = 3, and then Maremonti [21] ] improved the decay rates of weak solutions. After their results, making use of the identity ~~u~2 = Kozono-Ogawa [18] , [19] In the present paper, we shall establish H2 -a priori bounds which yield LP-estimates for p > n of solutions even if the dimension n = 4 and n = 5. To this end, we shall make use of the estimate given by Heywood [12] Recently, Borchers-Miyakawa [3] showed the existence of weak solutions u of (N-S) with = 0 for n 4. This restriction on n stems from validity of the energy inequality of the strong form for all s and t such that 0 s t. The importance of the above inequality (E.I.) in unbounded domains was pointed out by Masuda [23] and Kato [16] . Leray [20] called a weak solution u satisfying (E.I.) a turbulent solution, the existence of which was shown for n 4 up to the present(see Kato [16] and Miyakawa-Sohr [25] [16] , Ukai [29] , Giga-Miyakawa [10] and Iwashita [14] . It Proof -(1) Since this theorem is concerned with the local existence of strong solutions, the proof can be done in the same away as Fujita-Kato [5] and Giga-Miyakawa [10] . However t03B3-(n 4 -1 2)~Ã03B3v(t)~) arbitrarily small. Since sup0t1 ~u(t)~ ~a~, (3.20) guarantees the existence of such a constant as (3.5 Then under the assumption (3.21) , we have by (3.27) that Since the right hand side of the above inequality is independent of T, we get the desired a priori estimate. This proves Theorem 3.2..
DECAY OF STRONG SOLUTION
In this section, we shall first investigate the asymptotic behavior of the global solution ,u(t) given by Theorem This theorem will be proved in the series of the subsequent lemmata; (4.1 ) and (4.2) will be obtained from Lemmata 4.9 and 4.8 below, respectively. We shall follow the method established by Masuda [22] . To [7] and Fujita-Morimoto [6] ). Now (4.10) follows from the density argument. for all t > 0. Hence the identity (E) yields for all t > 0 with C = C(n), from which and (4.4) we obtain for all t > 0. Then (4.17) follows from (4.5) and (4.16 
